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Runaway electrons in the atmosphere in the presence
of a magnetic field
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Abstract This paper generalizes the theory of the electron runaway and runaway discharge
to the case of a laminar electric field at an arbitrary angle to the magnetic field and
derives the relevant threshold conditions. It is shown that the conditions of the runaway
process depend on the angle between the electric and magnetic fields, and the ratio of
their magnitudes. In fact, the geomagnetic field hinders the development of runaway
breakdown in the atmosphere. This effect has implications for runaway discharges in the
atmosphere caused by low—altitude lightning. The runaway discharges manifest themselves
as fluxes of v rays, as previously observed by the detector aboard Compton Gamma Ray
Observatory. The geomagnetic field plays a significant role in the runaway discharge due
to thunderstorms for heights above 20 km, where the cyclotron frequency of relativistic
electrons exceeds their collision frequency. This effect depends on the angle between the
electric and magnetic fields. Since the static electric fields from thunderclouds are directed
almost vertically, one can expect a significant difference in the properties of high-altitude

discharges occurring at equatorial and high-latitude regions.

1. Introduction

A new type of electrical air breakdown, called
runaway breakdown or runaway discharge, was dis-
cussed recently by Gurevich et al. [1992] and applied
to the preliminary breakdown phase of a lightning dis-
charge. This phase occurs in the cloud vicinity and
marks the initiation of the discharge [Uman, 1987].
The important property of the runaway breakdown is
that it requires a threshold field of an order of mag-
nitude smaller than the conventional discharge under
the same pressure conditions. However, its initiation
depends on the presence of seed electrons with energy
in excess of tens of keV in the high electric field re-
gion. Such energetic electrons are often present in the
atmosphere as secondaries generated by cosmic rays
[Daniel and Stephens, 1974].
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The possibility for influence of cosmic ray secon-
daries on the lightning discharges was first discussed
in a speculative manner by Wilson [1924]. Recently,
McCarthy and Parks [1992] attributed X rays observed
by aircrafts in association with the effect of thunder-
cloud electric field to runaway electrons. Gurevich et
al. [1992] presented the first consistent analytic and
numerical model of the runaway discharge, and later
on, Roussel-Dupre et al. [1994] presented its detailed
quantitative application to the X ray observations.

The physics of the runaway discharge is based
on the concept of electron runaway acceleration in the
presence of a laminar electric field [Dreicer, 1960;
Gurevich, 1961; Lebedev, 1965]. The runaway phe-
nomenon is a consequence of the long-range, small-
angle scattering among charged particles undergoing
Coulomb interactions. The scattering cross section de-
creases with velocity as ¢ ~ v=%. As a result, for a
given electric field value a threshold energy can be
found beyond which the dynamic friction cannot bal-
ance the acceleration force due to the electric field,
resulting in continuous electron acceleration.

Here we review the basic physics of the electron
runaway in unmagnetized plasmas, starting with the
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electron acceleration in a fully ionized plasma. The
cold electrons having mean directed velocity v, less
than the electron thermal speed vt = y/7/m undergo
the dynamical friction force

F =myyv 1
which is proportional to the electron velocity v, since
at v < vr the electron collision frequency v = v,
is constant, defined by the electron thermal speed.
This is shown in Figure 1 by trace 1. However,
for fast electrons having the velocity larger than vy,
the dynamical friction force reduces when the velocity
increases, which is shown by trace 2 in Figure 1

dTetn

— InA,

F=my(v)v =
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where 7 is the electron density and In A is the Coulomb
logarithm. As a result the friction force has a maxi-
mum at v >~ vp.

The electric field which balances the dynamical
friction force at v = vy is known as a Dreicer or
critical field:

(3)
As illustrated by Figure 1, the dynamical friction can-
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Figure 1. Schematic of the dynamical friction force as
a function of the electron energy. Trace 1 corresponds
to a cold fully ionized plasma (v < vr), and trace 2
corresponds to high-energy electrons. It is valid for
any plasmas fully or low ionized. Here Ep is the
Dreicer field, while E.,(¢.) and E.o(€mim) are the
critical and minimum runaway fields, respectively.
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not confine the plasma electrons which become run-
away, if the electric field £ applied to the plasma is
higher than Ep. On the contrary, if the applied field
is less than Ep, electrons are confined by the dynam-
ical friction. At the same time the electrons acquire
relatively small velocity vg, directed along E. Thus
the plasma is heated resistively. However, even in
this regime, the friction force cannot confine fast elec-
trons having energy € > ¢. ~ T(Ep/FE) (see Figure
1). Such electrons are continuously accelerated by the
electric field and run away.

For instance, tokamaks usually operate in the
regime of resistive heating, but at some conditions
the runaway regime also takes place in tokamaks, A
similar situation occurs in the weakly ionized plasma.
However, unlike the fully ionized plasma, at low elec-
tron velocity the collision frequency v in the weakly
ionized gas is determined by the cross section of the
electron-neutral collision rather than by the thermal
electrons. However, at high electron velocity, when
the electron energy exceeds the ionization potential
(e > ¢,), the interactions of the fast electrons with
the nuclei and atomic electrons obey the Coulomb
law. Correspondingly, the dynamical friction force
decreases with the electron energy [Bethe and Ashkin,
1953], as shown by equation (2). In this case the
value of the critical electric field is given by [Gure-
vich, 1961]:

3
E, = dre* ZN,, k..
€,

“)
Notice that V,,, is the density of the neutral molecules
and Z is the mean molecular charge, which for air
is 14.5, and k,, is the numerical factor, determined
by the type of the neutral gas. In fact, for hydrogen,
k, ~0.33, and for helium, k, ~ 0.30.

If the electric field is larger than E,,, the whole
bulk electrons are accelerated. If the field is less than
E.,, only a few electrons having energy higher than
€. are accelerated:

2ne3 Z N,,, In A,
€> € = )

E

&)

where A, ~ €./Z¢;. These are the runaway electrons
in the neutral gas.

We emphasize that the amplitude of the elec-
tric field leading to the electron runaway is limited,
since only for nonrelativistic electrons does the dy-
namical friction force drop when the electron energy
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increases [Bethe and Ashkin, 1953). For relativistic
electrons the friction force reaches its minimum at the
energy € ~ 1.2 MeV and then slowly (logarithmically)
increases with ¢ (see Figure 1). The minimum of the
friction force Fyy is related to the minimum value of
the electric field E, which still generates the runaway:

3
_ AwZ e Ny, 0 (6)

c0 — m (32
Notice that in the air, a ~ 11.2. Therefore, in the air,
the runaway electrons could appear in a wide range
of electric field Ey < E < E,,, which spans almost 3
orders of magnitude.

Similar limitation on the electron runaway takes
place for the electrons in a fully ionized plasma [Con-
nor and Hastie, 1975]. A detailed discussion of the
electron runaway in the air caused by the electric fields
due to thunderstorms is presented by McCarthy and
Parks [1992].

A new step in the theory of runaway electrons
was made by Gurevich et al. [1992], who discussed
the possibility of producing the avalanche of runaway
electrons. The basic idea is that the fast electrons ion-
ize gas molecules, producing a number of free elec-
trons. Some of the secondary electrons have energy
higher than the critical energy of runaway. These elec-
trons are accelerated by the electric field and in turn
are able to generate fast electrons. The avalanche-like
reproduction of fast electrons is accompanied by an ex-
ponential increase in the number of thermal secondary
electrons, i.e., the electrical breakdown of gas occurs.
This kind of runaway breakdown is often called run-
away discharge. It has the following main properties:
(1) The critical field of the runaway breakdown is an
order of magnitude below the threshold of the con-
ventional air breakdown. (2) The runaway discharge
has to be triggered by the high energy electron of ¢
> ¢.. (3) The runaway discharge develops inside the
streamers directed along the electric field [Gurevich
et al., 1994]. (4) The runaway discharge is followed
by the generation of x- and «y-ray emissions [Roussel-
Dupre et al., 1994]. These properties allow us to con-
sider the runaway discharge as the possible mechanism
which initializes the lightning discharge during thun-
derstorms.

Interest in the runaway discharge was recently re-
newed by the unexpected observations of y-ray flashes
detected by the Compton Gamma Ray Observatory
(CGRO) overflying massive thunderstorm regions in
the equatorial regions [Fishman et al., 1994]. Early
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speculations centered on the runaway discharge driven
by the quasi-static fields induced by lightning [Bell et
al., 1995; Roussel-Dupre and Gurevich, 1996]. It was
shown that the observed vy-ray intensity and spectrum
are consistent with bremsstrahlung due to a beam of
relativistic electrons with MeV average energy gener-
ated at altitudes higher than 30 km. The generation
altitude is a key requirement since vy rays gencrated
below 30 km will be absorbed by the atmosphere and
will not reach satellite altitudes.

In attempting to apply the concept of runaway
breakdown driven by a laminar vertical electric field
generated by a lightning discharge at altitudes exceed-
ing 30 km, one is faced with a main difficulty. For
such altitudes the mean free path for runaway elec-
trons exceeds the electron gyroradius in the geomag-
netic field. As a result, for the large enough angle
between the electric field and the geomagnetic field,
the previously developed theory of the runaway accel-
eration is not applicable. This is especially true for
the equatorial regions where the vertical electric field
due to lightning is predominantly perpendicular to the
magnetic field. Note that in ELB geometry, electrons
will be accelerated at E>B if we neglect the dynam-
ical friction. The objective of this paper is to gen-
eralize the theory of the runaway acceleration to the
case of a laminar electric field at an arbitrary angle to
the magnetic field and discuss the relevant threshold
conditions for runaway discharge.

In the next section we introduce the equations of
motion of the runaway electrons under laminar elec-
tric and magnetic fields in the presence of the dy-
namical friction force. Then we discuss a stationary
solution of these equations and obtain the runaway
threshold. In section 3 the electron trajectories in mo-
mentum space are studied, where we concentrate on
the runaway process which occurs in orthogonal elec-
tric and magnetic fields. Also in this section the sep-
aratrix is obtained, which separates momentum space
into two regimes: those electrons which possess tra-
jectories that take them to higher energies and other
electrons which possess trajectories leading to zero en-
ergy. In section 4 we consider a spreading of runaway
discharge stimulated by a high-energy electron. Here
the most stress is put on the process which occurs in
the parallel electric and magnetic fields. In section
5 we discuss the electron runaway which happens at
the arbitrarily angle between the electric and magnetic
fields. This is followed by a short discussion and con-
clusions.
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2. Motion of Runaway Electrons in the
Electric and Magnetic Fields

In the presence of the magnetic field the condi-
tions for electron runaway are different from those
described in the previous section. In order to discuss
the effects caused by the magnetic field, we will study
the motion of fast electrons in the air under the in-
fluence of both electric E and magnetic field B. The
latter process is described by the following equation:

dp _ € —
— = ¢E+ T—nc—‘y(p X B)-vp,v= F(p)/p, (7

where p is the electron momentum, » is the electron
collision frequency, and F(p) is the dynamical friction
force which is a function of electron momentum. For
the electrons having energy greater than ¢ = 10keV,
the dynamical friction force due to collisions with the
neutral gas is given by [Bethe and Ashkin, 1953]

_ dnZe*N,,
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where v = (1 - v2/¢?)"*/? is the Lorentz factor and
I ~ 80.5 eV.

For nonrelativistic electrons the dynamical fric-
tion force rapidly decreases with the increase of the
electron momentum;

AnZe*N,,m p?
F = .
R ( 2m/ )

®

The dynamical friction force (equation (8)) reaches its
minimum value

4w Ze*N,,

Fmin = 10.
min = 10.87 T2 (10)

at

Ymin = 3.42, €mmn = 1.2MeV, pnin = 3.27 me.
(1)

F then slowly (logarithmically) increases with v. As

was mentioned in the previous section the value of
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Frin just determines the possibility of electrons to
runaway in the absence of a magnetic field:
Eco - (12)

We consider now the stationary solution of equation

M

min/e-

eEp
Fp(1 4+ w?/v?)

{é+w—2iz cos 3 — ﬂélsinﬂ},
v v

p= +

(13)

aon

where &, h, and &, are the unity vectors directed along
E, B, and E x B, respectively, and 3 is the angle
between E and B. The electron cyclotron frequency is
w. = eB/mec7v, and taking into account equation (7),
the ratio w /v can be presented as

we eB p

We _eBvy-1 (14)
7 k)

v F mey Fp

Function w./v determines the effect caused by the
magnetic field on the electron motion. Note that this
ratio changes rapidly with the height and with the elec-
tron energy. We also have to mention that the momen-
tum p is given by the solution of equation (13), which
is an implicit function, since both the dynamical fric-
tion force Fp and collision frequency v depend on the
absolute value of momentum p according to equations
(7) and (8). Actually, equation (13) represents a set of
algebraic equations, which allows us to obtain p. To
solve this equation set, we consider first the equation
for the absolute value of the vector p:

eE [1+ (w}/v* +w?/v?)cos? B+ w?/v?
F 1+ w?/u2

1/2
1=

(15)

Here F, w,, and v all depend on p. Note that in
order to obtain equation (15), we took into account
the following relation
le-l-qh Q1€l| (16)
2 p 2 . 2 1/2
=(1+¢>+2¢cosp+gisin®B) ",
where q and q; are certain functions.

We solve equation (15) to obtain the absolute
value of momentum p. Substitute it then into the
right side of equation (13), and we obtain the desired
stationary solution in the form py, = ps:(E, B, N,,).
Note that if the electric field is significantly higher
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than the critical field

E > 2Ec (17)

the minimum electron kinetic energy required for run-
away is €y < mc?. Therefore, in this case, it is conve-
nient to use the nonrelativistic expression (9) for the
dynamical friction force.

In the absence of a magnetic field (B = (), equa-
tion (15) determines two stationary points at E > E,,.
The first of these points is reached at py; < pmin, given
by equation (12). This is an unstable point. It means
that the electrons having p < p,, are decelerated, while
the electrons with p > p; are accelerated and run away.
The limit mentioned above is correct for the momen-
tum parallel to the electric field. If the initial electron
momentum possesses a component orthogonal to E, a
separatrix appears which separates the runaway elec-
trons from those losing their energy [Gurevich et al.,
1992; Roussel-Dupre et al., 1994].

The same picture is correct if the constant mag-
netic field B exists which is parallel to E. However,
if the compaonent of E orthogonal to B appears, it can
significantly change the above picture.

Let us consider a case when E 1 B. We first
introduce the dimensionless parameters

bp = E/Ec07 N = B/Eco (18)

Using these parameters and taking into account equa-
tion (14) we rewrite equation (15) as

b 1
T M (1t /@) - 1T

(19)

where ®(v) = Fp(y)eE.o.
obtain that

From equation (19) we

8 = O () + ne(1-1/7%), 20)

Q('Ymin) =1, Ymin = 3.42.
Relation (20) defines the value of v, and correspond-
ingly p,, for different parameters 6o and 7o. We find
next the dimensionless critical field 6. as the min-
imum value of &,(y) which still allows solution of
equation (20). Equating the derivative d6,*/dy to zero,
we find

d<1>('y)

mo = =7 ®(y) —— 2N

We combine equations (20) and (21) and find
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Figure 2. Threshold electric field 6. versus magnetic
field 7o obtained from equations (21) and (22) for 3
= 90°, 70°, 45°, and 10° (curves 1, 2, 3 and 4, respec-
tively). The dashed trace shows analytical approxima-
tion (24) valid at 3 = 90° for the nonrelativistic case.

- ey

6 = + 8%y, (22)

Equation (22), together with equation (21), determine
in an implicit form the dimensionless critical field 6.,
and minimum value 7., depending on the dimension-
less magnetic field 7o. In fact, in the absence of a
magnetic field (7o = 0), we obtain from equations (20)
and (21) that 6.0 =1, and ¥, = Ymin = 3.42. The depen-
dence of 4.4 on 7, is shown in Figure 2. This figure
reveals that the critical electric field .o gradually in-
creases as the magnetic field 7 rises.

We find now the asymptotic form for 6. at high
values of 7. In order to do so we take into account
that at high 5o, the value (v/c)? << 1, so the non-
relativistic dynamical friction force given by equation
(9) can be applied. Therefore the function ®(7) is
rewritten as

2
~
@("/) = Qo 72__1 5 q)o ~ 0.913. (23)
Using equaitons (21)-(23), we obtain that
\/§‘I’c1>/3 2/3 762_1 V38,
00 = 217170/ ’ 72 800 . (24)

The asymptote given by equation (24) is shown by a
dashed trace in Figure 2.

The above discussion was focused on an instruc-
tive case when E | B. However, equaiton (15) allows
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Figure 3. Cosine of the angle between the direction of the magnetic field and the electron velocity given as
a function of the Lorentz factor v, drafted for the different values of the normalized magnetic field 7,.

us to obtain the critical electric field 8. as a function
of the magnetic field 7o for an arbitrary angle 3 be-
tween the directions of the electric and magnetic fields.
This is shown in Figure 2. In fact, for 8 < 45° the
critical electric field practically does not depend on the
value of the magnetic field, which resembles the run-
away as it occurs in the absence of the magnetic field
and is driven by the £}, component of the electric field.

Note that the runaway electron moves at an angle
« to the direction of the electric field, where the angle
« is obtained from equation (13). In fact, for E L B,
i.e.,, 8 = 90° it acquires the following form:

2(12 — 1 —1/2

Figure 3 shows that electrons having low energy
(4 ~ 1) move almost parallel to the direction of the
electric field. This is due to the fact that at low elec-
tron energy the electron collision frequency is much

u:cosa:(l+

higher than the cyclotron frequency w., and thus the
effect caused by the magnetic field on the electron
motion is not significant. When the electron energy
increases, the electron collision rate reduces rapidly.
It leads to a deflection of the electron velocity from
the direction of the electric field. If the magnetic field
increases, the angle o gradually tends to 7/2, i.e., in a
strong magnetic field, relativistic electrons start drift-
ing in the ExB direction.

3. The Electron Runaway Basin Boundary
3.1. Equations of the Electron Motion

We now study the equation of the electron motion
(equation (7)) in order to obtain the separatrix which
separates momentum space into two regimes: those
electrons which possess trajectories that take them to
higher energies and other electrons which possess tra-
jectories leading to zero energy. Using the dimen-
sionless variables 6y and 7o defined by equation (18),
equation (7) is presented as
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dﬁx _ o . . ¢(7) -

? = (50 + 7py sin /B - —7—2\/__—1]71-, (263)
dpy Mo . . Mo - (y) .
ar —7% sin 8 + 71& cos 8 — —jy-Q_—IPya

J ( (26b)

P: _ 7o _ %)
i Py cos 3 1 Py (26¢)
1= JlER+B R, (26d)

where we use the dimensionless momentum Pzy,: BY
normalizing the conventional momentum over mc; T
is the dimensionless time

T = t/to,

2.3 11 -3 2‘7
o= —C Lgqx (I @D
dre*Z N, a N

and J is the angle between the directions of the electric
and magnetic fields. Here the electric field goes along
the x axis, while the magnetic field is located in the
x-z plane.

Equations (26a)+(26d) were integrated numeri-
cally. Results of the computation are discussed start-
ing with two limit cases: ELB, ie., 5=90°, and
E || B, ie., 8=0.

3.2. Electron Runaway in Perpendicular Electric
and Magnetic Fields

In this case the momentum is fading along the
axes z, so essentially, electrons are moving in the x-y
plane. At low magnetic field 7, < 6y, two kind of
trajectories occur depending on the initial conditions.
An electron having low initial energy loses its energy
and eventually stops, while the electron having high
enough initial energy runs away along the trajectory
almost linear in p,,p, space and gains the energy.
This regime resembles runaway as it happened in the
absence of a magnetic field.

The picture changes when the magnetic field in-
creases so that 7y > 8y. In this case, three different
types of trajectories occur, depending on the initial
conditions, as shown in Figure 4 along with the cor-
responding temporal evolution of the electron kinetic
energy.

In some cases an energetic electron starts from a
point marked by a cross in the p.,p, plane and then
rapidly loses its energy and eventually stops (Figures

1547

4a and 4b). In other cases the electron starts at a point
marked by a cross and then moves along the spiral
trajectory, while the electron kinetic energy rapidly
increases (at t ~ t;) and then reaches its steady state
value after making several oscillations (Figures 4c
and 4d). This regime is strongly different from what
happened in the absence of a magnetic field, since in
the absence of a magnetic field the runaway electron
gains a very high energy, while in the ELB field the
steady state is reached at a much smaller electron
energy.

We describe also the third kind of trajectory when
the electron moves along the spiral trajectory, loses its
energy, and eventually stops (Figures 4e and 4f). This
happens when the p, momentum component reaches
such negative value that the first and second terms
in the right-hand side of Equation (26a) cancel each
other ( py ~ —<vd8p/n0), leading to the exponential
temporal decay of the p, component. This is fol-
lowed by the temporal decay of the j, component,
coming from equation (26b). However, when rela-
tivistic electrons gain and lose energy, they can gen-
erate bremsstrahlung emission and might produce sec-
ondary runaway electrons.

We proceed by defining the separatrix as a line in
the v) = v,(t = 0) and v) = v,(t = 0) plane which
separates the initial electron velocities leading to the
runaway regime from those leading to the electron de-
celeration in a given electric and magnetic field. This
is shown in Figure 5a, calculated for the normalized
electric field ég = 5, and for a few different values of
a normalized magnetic field (1, = 6.0, 6.5, 7.0, and
7.5). For each of these cases the runaway process oc-
curs for v2,v) located inside the domain bounded by
the corresponding runaway separatrix. Note that when
the applied magnetic field increases, the region of run-
away shrinks. Finally, 74 reaches the maximum value
Ne0(60) when runaway ceases. In fact, at g = 5 the
runaway ceases at 1o = 7.8, which is in considerable
agreement with the critical value 8.4(no = 7.8)=4.9 (sce
Figure 2), found above by using some simplifications.

Note that a primary runaway electron is able to
produce a secondary electron which also runs away if
the kinetic energy of the primary electron is at least
twice that required for runaway. This is the condition
of the runaway breakdown [Gurevich et al., 1994].
The separatrix of runaway breakdown is obtained as
it was done for the runaways but using an additional
condition that the steady state kinetic energy of the
runaway electron is twice as large as its initial value.



1548 GUREVICH ET AL.: RUNAWAY ELECTRONS IN THE ATMOSPHERE

€xin/mc?
Px 0.12
0..1
0.08
0.06
0.0¢
J3.02
0.5 0.6 0.7 0.8 0.9 - T
b)
Py €xin/me?
-0.6 0.55¢
-0.7 0.3
0.45
' = 0.4
)
o.< (= 0.35
3 J 0 6.7 oas x 03
0.25
-1
s 10 15 20 25 30 T
c) ) d)
€xin/me?
0.5
0.4
0.3
0.2
0.1
50 100 150 200 250  soc |
e) £)
Figure 4. (a) Electron trajectory in the p;, p, plane, along with (b) the temporal evolution of its kinetic
energy, obtained for ELB at 6o = 5, 1o = 7 and for the initial values pJ = 0.3, py = —0.3. (c) and

0.3, py = —0.6. (e) and (f) Trajectory obtained at 6, = 5, o = 7.5,

(d) Trajectory obtained at p¢ =
0.3, p, = —0.65.

and for the initial values p2
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This is shown in Figure 5b for the same values of
electric and magnetic fields as in Figure Sa. Since
the requirements for runaway breakdown are stronger
than for just runaway, the corresponding domain is
smaller than that for the runaways. In fact the runaway
discharge developed at 6,=5 ceases if 7>7.

4, Spreading of the Runaway Discharge
in the Presence of a Magnetic Field

We consider now the runaway discharge stimu-
lated by a seed high-energy electron. In the absence
of the magnetic field the runaway discharge spreads
inside a cone stretched along the direction of the elec-
tric field [Gurevich et al., 1994]). Below we discuss
how the magnetic field affects the structure of the run-
away discharge and the dynamics of its spreading. We
concentrate mainly on the case when the electric and
magnetic fields are parallel to each other. The motion
of runaway electrons is studied in the spheric coordi-
nate frame, in which both E and B vectors are directed
along the x axis, and the electron momentum evolves
with an angle 6 with the x axis, while its projection
on the z-y plane evolves with an angle ¢ with the y
axis. In this frame, equations (26a}—(26d) can be
represented as

L 3 lbon - 2(),

du 1—pu?
£ = 28
dr 607 = ’ ( )
d
E =1

where 4 = cos 8 and p = 1/]3‘3 +i)§ +p2. The

electron trajectory in the p,u plane is described by
the following equation:

b 1
an m[%ﬂ—‘l’('ﬁ]-

(29)
Correspondingly, the separatrix which separates
accelerating and decelerating electron trajectories in
this plane is defined by the equation
®(v) = bop- (30)

Figure 6 shows the minimum initial electron energy

required for runaway as a function of initial electron
direction p. This is calculated for a few different
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values of normalized electric field (6o = 2, 3, 4, 5, and
10). Shown by a dashed trace is the same separatrix
obtained by Gurevich et al. [1994] for é; = 2, and by
the relativistic effects.

We consider next the diffusion of runaway elec-
trons which occurs in a plane perpendicular to E, and
is caused by the fact that secondary electrons appear
at an arbitrarily angle. As a result of this diffusion the
runaway discharge caused by a single seed electron
acquires a conical shape as shown by Gurevich et al.
[1994] in the absence of a magnetic field.

The runaway electron possesses two velocity
components in the y, z plane:

43 .

1')Z=—z=£ 1— u? sin o,
- =

5y=E=; — u? cos o,

where §, Z are given in the dimensionless units § =
y/cto, Z = z/[cto, and ty is defined by equation (27).
In order to obtain the mean free path of the runaway
electron, we integrate equation (31) using equation
(28) and take into account that the secondary electron
which is born at the spot p, close to the separatrix
propagates freely until the spot x;, when its energy
increases to twice its initial value. Therefore we have

- . 2 — .
r2 = (Ag)" + (82)7,
H1 9
~ D
Ay:/
; 0+/1 + p2

H1 9
Aé:/ -
. 60\/1+p2

where o = (7 = 0) and the bar shows averaging
OVEer @q.

The characteristic time AT needed for an electron
to propagate from point p, to p; can be obtained from
equation (28). The diffusion coefficient D is then

sin (o + 77) d

»\/l _#2 l’l’7

cos (o + 77) du

V1—p?

(32)

found to be
H1 -
Y4
D, =r22A1, At = du
g boy/T+ (1 - p?)

Ho

(33)
The diffusion coefficient found from equations
(32) and (33) is shown in Figure 7 for different val-
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BASIN ene/ene[0]=0 E/Ec= 5.00 tho= 90.
e —t—r : — —_—
(a)

vx/c (Il E)

~0.5 0.0
—=vy/c (ExB)

BASIN ene/ene[0]=2 E/Ec= 5.00 tho= 90.
————— . —

vx/c (Il E)

1 i i [} N . N . : 2 L
1.0.

-0.5 0.0
—vy/c (ExB)

Figure 5. (a) Separatrix of runaway regime at ELB in the v2/c, vg /¢ plane obtained for 6, = 5 and 75, = 6.0,
6.5, 7.0, and 7.5. Separatrix of runaway breakdown. (b) Same as above except using the additional condition

that the steady state kinetic energy of the runaway electron is twice as large as its initial value.

-1.0
-1.0



GUREVICH ET AL.: RUNAWAY ELECTRONS IN THE ATMOSPHERE

0.2 0.4 0.6 0.8 1

Figure 6. Minimum electron energy required for
runaway at E|[B versus the direction of the initial
electron £ = cos 8, obtained at 6o = 2, 3, 4, 5, and 10.
Shown by a dashed line is the analytical approximation
obtained at 63 = 2 [Roussel-Dupre et al., 1994].

ues of electric and magnetic fields. Note that in the
absence of a magnetic field our results coincide with
those obtained by Gurevich et al. [1994]. Figure 7
reveals that the magnetic field reduces the diffusion
coefficient and confines the runaway discharge. The
confinement is the only effect caused by the magnetic
field parallel to the electric field, since the magnetic
field cannot affect the electron kinetic energy.

Note that if the magnetic field is directed at a
certain angle to the electric field, the runaway dis-
charge acquires the shape of the cone having an ellip-
tical cross section in the plane perpendicular to E. The
semimajor axis is directed parallel to the projection of
B on this plane, while the small semiaxis is perpen-
dicular to this projection.

5. Electron Runaway Under an Arbitrary
Angle Between Electric and Magnetic
Fields

In a general case, when the angle 3 between the
vectors E and B is 0 < 3 < 90°, three different ranges
of the angle 3 were distinguished based on the physical
properties of the runaway process. They are illustrated
by the runaway trajectories shown in Figures 8a, 8b
and 8c obtained for different 3.

If the angle 3 ranges between 80° and 90°, the
runaway process differs significantly from that which
occurs in the absence of the magnetic field. First, it
develops only if the ratio E/B is less than a certain
threshold value, as was shown in section 2. Second,
contrary to the runaway electrons in the absence of a
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magnetic field where the energy gain is almost unlim-
ited [Roussel-Dupre et al., 1994], runaway electrons at
80° < 3 < 90° reach a steady state, at which case they
orbit across the magnetic field with a constant kinetic
energy, as is shown in Figure 8a obtained for 3 = 85°.

In the range of 0° < 3 < 60° the runaway process
resembles that which occurs in the absence of a mag-
netic field, namely, the electrons are moving along the
direction of the magnetic field driven by a E; compo-
nent of the electric field. This is illustrated by Figure
8c, obtained at 3 = 60°. The latter resembles a trajec-
tory which is almost a straight line in the p,, py, p.
space with a small effect of magnetic field at low mo-
mentum. However, in this case the magnetic field
manifests itself by confining the runaway process, as
discussed in section 4.

In the transition range 60° < 3 < 80° the runaway
electron trajectories are twisted by the magnetic field
when the electrons just start acceleration and have
relatively low energy. The electrons then gain energy
along a straight trajectory, as shown by Figure 8b,
obtained at 5 = 80°.

The effect caused by the angle between the elec-
tric and magnetic fields on the runaway process is also
illustrated by Figure 9, which reveals the kinetic en-
ergy of runaway electrons as a function of the angle
. The kinetic energy was calculated from equations
(26a)-(26d) in given electric and magnetic fields, for
the same initial conditions, and for the time equal to
that required to reach a steady state at 3=90°. Note
that €xin(8 = 90°)/€xin(3 = 0) has a small but finite
value; in fact, at §;o = 5. 79 = 7.5 it is of the order
of 1072

0.015

9.005

L] P § L] 10
Figure 7. Dimensionless diffusion coefficient in the
plane perpendicular to E||B obtained at B/E =0, 1, 2,

3, and 5 as a function of §,.
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Px

Figure 8. Trajectories of a runaway electron in
Pz, Dy, D. space obtained at o =5, 1o = 7.5, for the
initial conditions p2 = 0.3, p) = —0.2, 5} = 0.2,
and for different angle 3 between the electric and mag-
netic field: (a) 3 = 85°, (b) 5 = 80°, and (c) 3 = 60°.

Figure 9 shows that at cos 8 > 0.5 (i.e., 8 < 60°),
the runaway is driven mostly by the E; = E X cos 3
component of the electric field, and it is not strongly
different from that which occurred in the absence of a
magnetic field, while at 0 < cos # < 0.16 (i.e., at 80°
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< 8 < 90°) the effect of the magnetic ficld becomes
very important, and at 0.16 < cos 3 < 0.5 (i.e., at 60°
< 8 < 80°) the transition region between these two
regimes exists.

The runaway boundary for an arbitrarily angle
B could be also investigated using the following ap-
proach. We consider an ensemble of N; electrons
moving in the air in the presence of electric and mag-
netic fields. The electrons which are not interacting
with each other are uniformly distributed in space, as
well as in the energy range, which we consider for
definiteness as 1 < 4 < 3.2. The trajectories of the
electrons were studied using equations (26a)—(26d),
and the trajectories which take electrons to higher en-
ergy were then distinguished from those which lead to
zero energy. Figure 10 reveals the fraction of runaway
electrons, N/N,, as a function of é,. The calculation
were made for the angle 3 = 90°, and from left to
right, the value of 7o changes from 0 to 10 with step
1. In the absence of a magnetic field, shown by the
left most trace, the separatrix resembles that obtained
by Roussel-Dupre et al. [1994], while the increase of
the magnetic field leads to the significant reduction in
the fraction of runaway electrons.

Finally, knowing the electron runaway boundary,
one can find the characteristic ionization time in the
discharge caused by the runaway electrons by using
the fluid approximation and assume that electron dis-
tribution function is a delta-function, i.e., consider it a
monoenergetic flux of electrons. Note that of particu-
lar interest is the production rate of secondary runaway
electrons, since their production leads to development

—_ 1
I o.8
Q
3
g 0.6
gt
£
& 0.4
~
£
& 0.2
- 0.2 0.4 0.6 0.8 1
cos 3

Figure 9. Kinetic energy of the runaway electron as a
function of the angle 3, obtained at o = 5, 79 = 7 and
at initial values p = 0.3, 9 = —0.2, and p] =
0.2.
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N/No
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0.0l . . .
0 2 4 6 8 10

Figure 10. Fraction of runaway electrons as a function
of the electric field 6, obtained for different values of
the magnetic field 7o, at 5=90°. From left to right the
value of 7y changes from 0 to 10 with step 1.

of the runaway breakdown. Detailed analysis of the
runaway breakdown will be published elsewhere.

6. Discussion and Conclusions

We now state the main features regarding the
behavior of runaway electrons in the constant magnetic
field.

1. When the magnetic field is less than critical
field 70 = B/ E.p < 1, the effect of the magnetic field
on the electron runaway is almost negligible.

2. The value of the threshold electric field Ey
required for the electron runaway in the presence of a
magnetic field increases with the increase of 7y (see
Figure 2). At a high value of 7¢>>1, the threshold
field always tends to the constant value

En = EcO/COS /67 (34)

where [ is the angle between E and B. This equa-
tion shows that at no>>1 the threshold electric field
increases with 4, which means that conditions of run-
away breakdown are hindered.

3. In a case of perpendicular E and B fields,
the value of the threshold electric field E, increases
smoothly with 7,:

E, =~ n2/*E,. (35)

Since the critical field E4 is approximately an
order of magnitude less than the threshold of the
conventional breakdown, it follows from equation (35)
that in the case of perpendicular electric and magnetic
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fields the runaway breakdown is hardly possible if
o > 30.

We analyze now the effect of the geomagnetic
field on the runaway electrons in the atmosphere. Fig-
ure 11 reveals the critical electric field in the atmos-
phere along with the values of function 7,. The latter
are given for the equatorial region where the magnetic
induction is B, =~ 0.25G and for the pole region
where B, ~ 0.6 G. At midlatitude the function 7,
acquires intermediate values between the two above.
Figure 11 shows that critical field £ rapidly decreases
with altitude. In fact, to start the runaway breakdown
at the height of 3040 km, the electric field of less
than 20 V/cm will be sufficient. However, since the
amplitude of the geomagnetic field is practically con-
stant at the range of heights of interest, the value of
function 79 = B/E, rapidly increases with height.
It comes from Figure 11 and the properties discussed
above of the runaway process that for a height less
than 20 km the role played by the geomagnetic field is
negligible. Nevertheless, the geomagnetic field plays
a noticeable role at heights which range from 20 to
30 km. In fact, it significantly changes the threshold
electric field Ey at 8 > 45°. At a height above 40
km the effect of the geomagnetic field dominates at
large angles 3. For instance, at 3 > 80° the threshold
electric field £, increases so strongly (see equation
(35) and Figure 11) that the conditions of runaway
breakdown become close to those of the conventional
breakdown and can be even more hindered.

10000.0 T T

1000.0 F
1@.0;
‘IO.OE

1.0

[ R]

Height (lan)

Figure 11. Critical field for the electron runaway £,
as a function of the altitude, along with the function
no=B/E.. The latter was obtained for polar and equa-
torial conditions, 75°' and 153, correspondingly.
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Therefore at high altitudes z > 40 km and when
the angle  between E and B is close to 7/2, the run-
away breakdown is hindered, while for 3~0 between
E and B it can proceed freely. Thus, taking into con-
sideration that the static electric field due to thunder-
clouds is directed almost vertically, one can expect a
significant difference in the parameters of high-altitude
discharges which occur in the equatorial and middle
latitudes.

Finally, we obtained the runaway separatrix
which separates momentum space into two regimes:
those electrons which possess trajectories that take
them into higher energies and other electrons which
possess trajectories leading to zero energy. Using this
separatrix, the characteristic ionization time required
for the creation of a secondary runaway electron can
be estimated.
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